We study the joint dynamics of macroeconomic variables, bond yields, and the exchange rate in an empirical two-country New-Keynesian model complemented with a no-arbitrage term structure model. With Canadian and US data, we are able to study the impact of macroeconomic shocks from both countries on their yield curves and the exchange rate. The variance decomposition of the yield level shows that the US monetary policy and aggregate supply shocks explain a majority of the unconditional variations in Canadian yields. They also explain up to 50% of the variations in the expected excess olding period returns of Canadian bonds. In addition, the Canadian monetary policy shock explain more than 70% of the variations in Canadian yields over short and medium forecast horizons. It also explains around 40% of the expected excess olding period returns of Canadian bonds. Both Canadian and US macroeconomic shocks help explain the dynamics of the exchange rate and the time-varying exchange risk premium.
Introduction
This paper investigates the economic determinants of the movements of the term structures of interest rates and the exchange rate between a small open economy (SOE) and a closed foreign economy. We introduce an empirical new-Keynesian model to study the dynamics of macroeconomic variables in both countries. Then we incorporate the macro variables as factors in a two-country term structure model derived under no-arbitrage conditions. This setting enables us to study the joint dynamics of the bond yields and the exchange rate. We implement the macro-finance modeling strategy with data from Canada (a proxy for the SOE) and US (a proxy for the closed foreign economy). The variance decomposition results show that the US monetary policy and aggregate supply shocks contribute to a majority of the unconditional variations in Canadian yields.
In addition, all three US macro shocks contribute around 50% of the variations in the expected excess returns of holding Canadian bonds for 1 quarter at various forecast horizons. Furthermore, the Canadian monetary policy shock is the dominate factor in explaining the variations in Canadian yields over short and medium forecast horizons. It also explains around 40% of the variations in the expected excess holding period returns of Canadian bonds. Finally, the macro factors in both countries seem to play important roles in explaining the exchange rate dynamics and the exchange risk premium.
We propose an empirical new-Keynesian model to describe the dynamics of macro variables in two countries. In each country, the macroeconomic model comprises an aggregate supply (AS) equation, an aggregate demand (IS) equation, and a forward looking monetary policy rule (e.g. Cho and Moreno (2006) , and Clarida, Gali, and Gertler (1999)). In addition, the aggregate supply and the aggregate demand shocks from the closed economy are allowed to pass through in the SOE, but not vice versa.
These assumptions impose a number of cross-equation restrictions on the model, and allow us to identify the country specific macro shocks from the SOE.
Then we construct a two-country term structure model using a factor representation for the stochastic discount factor (SDF), coupled with flexible time-varying risk premia.
In the SOE, the SDF is driven by both domestic and foreign macroeconomic shocks. In the closed foreign economy, the SDF is driven entirely by its domestic macroeconomic shocks. In this framework, we can separate the impact of the SOE macro shocks on its yield curve from that of the foreign macro shocks. In addition, the setup directly links the exchange rate dynamics to those of the SDFs. It allows us to investigate the dynamics of the exchange rate and its relationship to macroeconomic shocks from both countries.
The movements of bond yields and the exchange rate rule out arbitrage opportunities in the bond and the exchange rate markets.
We estimate the model with Canadian and US data from 1980 to 2006 using the maximum likelihood estimation technique. Our main findings are follows. First, US macroeconomic shocks are important in explaining the dynamics of Canadian yields.
The US monetary policy and aggregate supply shocks explain 64%, 60% and 50% of the unconditional variations in the Canadian 1-year, 5-year and 15-year yields respectively.
The Canadian monetary policy shock is the dominate factor in explaining the variations in Canadian yields over short and medium horizons. It explains more than 85% and 76% of the variations of Canadian yields at 1-quarter and 4-quarter forecast horizons respectively. The US monetary policy shock is the dominate factor in explaining more than 70% of the variations in US yields across maturities and at various forecast horizons.
The US aggregate supply shock explains over 20% of the unconditional variations in US yields, and 10-25% of the variations in the expected excess holding period returns.
Second, All three US macro variables contribute around 50% of the variations in the expected excess holding period returns of Canadian bonds. Therefore, they are important in explaining time-varying risk premia embedded in Canadian bonds. The Canadian monetary policy shock is the most significant one among the Canadian macroeconomic shocks, and it explains about 40% of the variations in the expected excess holding period returns of Canadian bonds. The US monetary policy shock is the dominate factor in explaining more than 70% of the variations in the expected excess holding period returns of US bonds.
Third, both US and Canadian macroeconomic shocks help explain the dynamics of the exchange rate between Canada and US. We find that the correlation between the modelimplied depreciation rate and that computed from the data is 21%, and the correlation between the model-implied exchange risk premium and its counterpart from the data is 25%.
This paper is related to several branches of literature. The first is the empirical VAR studies of the dynamics of macro variables, government bond yields, and exchange rate (e.g. Estrella and Hardouvelis (1991), Estrella and Mishkin (1997) , and Evans and Marshall (1998)). In contrast to empirical VAR studies our model is able to explain the whole yield curve, not only yields included in a VAR. In addition, we are able to study risk premia embedded in long yields and the exchange rate in the context of a noarbitrage model with a flexible specification of market prices of risk rather than relying on assumptions of the expectations hypothesis and the uncovered interest rate parity. The second line to literature is the works that incorporate observable macroeconomic variables in term structure models 1 . This paper is a natural extension of the literature from a onecountry setting to a two-country setting. Our framework allows us to study the impacts of both domestic and foreign macroeconomic shocks on yield curves. Finally, this paper is related to the literature studying the exchange rate dynamics using two-country term The rest of the paper is organized as follows. Section 2 outlines the model and describes how to price bonds and the exchange rate under no-arbitrage conditions. Section 3 discusses the data and the estimation technique. Section 4 presents findings, and Section 5 concludes.
The Model
We propose an empirical macro model inspired by the new-Keynesian macroeconomic literature (Clarida, Gali, and Gertler (1999) variables. In our two-country model, we assume that one country is a closed economy and the other one is a SOE in the sense that the macroeconomic shocks from the closed economy affect the SOE, but not vice-versa.
Closed Economy Macro Model
In the closed economy, we assume that the macroeconomic fundamentals is captured by a set of state variables (π * t , g * t , r * t ), where π * t is inflation, g * t is the output gap, and r * t is the short term interest rate. We denote the variables in the closed economy with an asterisk. The evolution of the state variables is described by the following model (e.g.
Cho and Moreno (2006)),
The aggregate supply (AS) equation (1) describes the supply side of the economy. It links inflation to expected future inflation and the real marginal cost with an assumption that the output gap is proportional to the marginal cost. In the presence of price stickiness, higher expected inflation will lead to higher prices today. The aggregate demand (AD) equation (2) postulates that the current output depends on lagged and expected output and on the real interest rate. Higher expected output leads to higher consumption today, and higher consumption today raises the current aggregate demand. Equation (3) 
Small Open Economy Macro Model
In the SOE, the joint dynamics of the same set of state variables is captured by a model slight different to that in the closed economy
In the aggregate supply equation (4), we allow a direct pass through of current and lagged foreign aggregate supply shocks. In the aggregate demand equation (5), we also allow a direct pass through of current and lagged foreign aggregate demand shocks. In most open economy macro models, foreign aggregate supply and demand shocks are allowed to pass through an additional exchange rate channel. The dynamics of the exchange rate is usually described by the uncovered interest rate parity (UIRP) (i.e. no foreign exchange risk premium), or the UIRP plus an exogenous exchange risk premium. We intend to study the economic determinants of the dynamics of yield curves, the exchange rate and their embedded risk premia. An assumption of either the UIRP or the UIRP plus an exogenous exchange risk premium is inappropriate. Allowing the impact of exchange rate changes on the aggregate supply and the aggregate demand in a SOE, combined with an endogenous exchange risk premium, complicates the process of finding a rational expectation solution to our macro model. We leave it in the future research. Equation (6) represents a monetary policy rule in the SOE. We assume that it has the same specification as that in the closed economy. The aggregate supply shock, the aggregate demand shock, and the monetary policy shock ε The dynamics of the macro fundamentals, X t = (π t , g t , r t , π * t , g * t , r * t ) , in our twocountry model is described by equation 1-6. We can summarize the macro model in a matrix form,
where the coefficients of matrix A 11 , B 11 and B 12 are defined by equations 1-6. A solution to the rational expectation model based on the Schur decomposition can be obtained numerically by the standard methods (e.g. McCallum (1998), and Söderland (1999)).
The solution can be written as the following reduced form,
The reduced form macro dynamics is essentially a VAR(1) process with non-linear restrictions on its parameter matrices. In addition, the assumption of one closed economy and one SOE in the model implies that the left lower off-diagonal matrices of Φ and Σ are zeros.
Stochastic Discount Factor
The system (8) expresses the short term interest rates of both country as linear functions of the state vector X t , which follows a first-order Gaussian VAR. More precisely, we can express the short term interest rate in country i as
where δ
T in the SOE and δ
The assumption of one SOE and one closed economy in our model implies that macro shocks from both countries drive the dynamics of the yield curve in the SOE, while only the macro shocks from the closed economy affect the yield curve in the closed economy.
Our specification is the standard affine term structure setting. We follow the dynamic arbitrage-free term structure literature and define the nominal stochastic discount factor in country i as
where r (i) t is the short term interest rate, and λ
t is the market price of risk associated with the source of uncertainty, ε
t+1 , in the economy. The market price of risk is assumed to be proportional to the factor volatilities in standard affine term structure models (Dai and Singleton (2000)), which implies a constant risk premium in our Gaussian setting.
However, recent empirical studies (e.g. , and Dai and Singleton (2002)) have highlighted the benefits in allowing for a more flexible specification of the market price of risk. We follow their approach and specify λ
where λ
0 is a 6 × 1 vector, and λ
1 , is a 6 × 6 matrix. This specification allows a timevarying risk premium and relates it to the fundamentals of the economy. It should point out that, in a micro-founded framework, the market price of risk depends on consumer preferences rather than being imposed exogenously. However, this empirically motivated specification gives us the flexibility to match yield dynamics. We parameterize the market prices of risk for the closed economy and the SOE respectively as
The parameterization of λ (i)
t implies that the market price of risk in the SOE depends on the macro variables in both countries, and the market price of risk in the closed economy depends entirely on its domestic variables. In addition, the specification for λ 1 implies that, in the SOE, the market price of the SOE risk depends on both the variables of the SOE and the closed economy, and the market price of the foreign risk depends only on foreign variables. The specification of the market prices of risk is consistent with the setup of the macro model. Our parameterization of the market prices of risk also implies that the stochastic discount factors in both countries are correlated, which is one of the major findings of Brandt, Cochrane, and Santa-clara (2005).
Bond Yields and Expected Returns
The SDF in country i prices all zero coupon bonds in the economy from the recursive relation:
where
is the price of an n-period zero coupon bond of country i at time t.
Using the above equation recursively, we can compute the yield of an n-period zero coupon bond of country i as
The coefficients a
n and b
n are given by a
n /n and b
n follow the difference equations:
The expressions of a Since bond yields are in affine form and the conditional mean of the state variables X t is affine, expected holding period returns on zero coupon bonds are also affine in X t . We can express the one-period excess holding period return of an n-period bond of country i as
The conditional excess holding period return can be computed as
From equation (12) and (13), we can see that both bond yields and the expected excess holding period returns are linear functions of X t . Therefore, the variance decompositions can be easily implemented using standard VAR methods.
Exchange Rate Dynamics
The definition of a SDF implies that the SDF in country i can also price another country's zero coupon bonds if we convert the foreign currency into the domestic currency. Let p (n) t denote the price of an n-period zero coupon bond of the SOE, the price of the same bond denominated in the foreign currency is p (n) t /S t , where S t denote the nominal exchange rate between the SOE and the closed foreign economy (i.e. the SOE price of one unit of the foreign currency). Under the assumption of no-arbitrage opportunities, we must
where m * t+1 is the SDF in the foreign country.
If markets are complete, various papers (e.g. Bakaert (1996), Backus, Foresi, and
Telmer (2001), and Brandt, and Santa-Clara (2002)) have demonstrated that the following equilibrium condition must hold
With the definitions for m t+1 and m * t+1 in equation (9), taking natural logarithms of both sides of equation (14) yields the expression of the depreciation rate as
where s t is the natural logarithm of S t+1 . From equation (15), the expected change in the exchange rate is equal to the difference, r t − r * t , between the domestic and foreign interest rates, plus a risk premium,
For an investor in the SOE, the excess return from investing in foreign bond markets is s t+1 − s t − r t + r * t . Therefore, the one-period excess return or the foreign exchange risk premium is
It is worth to note that although yields are affine functions of the state variable X t , the expected change in the exchange rate is not. In fact, it is a quadratic function of X t because of the term of the nonlinear exchange risk premium. Equation (15) essentially links the risk premia embedded in bond yields of both countries to that embedded in the exchange rate. In a risk-neutral world with λ t = λ * t = 0, the UIRP states that the expected change in the exchange rate is equal to the interest rate difference between two countries. However, empirical studies have shown that the UIRP is unlikely to hold.
Various latent-factor term structure models have been proposed to study the time-varying exchange risk premium. We try to investigate whether macro shocks help explain the variation in the change in the exchange rate, after taking into account of the exchange risk premium.
Data and Econometric Methodology
We estimate the model with quarterly macro, yields and the exchange rate data from Canada and US. Canada is used as a proxy for the SOE, and US is a proxy for the The Canadian Dollar/US Dollar exchange rates are also taken from the Statistics of Canada CANSIM database, which are the noon middle rates in the last day of a quarter.
We implement maximum likelihood estimation technique to estimate macro structural parameters and time-varying market prices of risk. Obviously, it is most efficient to estimate all parameters in one step. However, because of the estimation difficulty involved with high dimension maximizing problem, we use a two-step estimation technique. In the first step, we estimate macro structural parameters with both Canadian and US macro data. In the second step, we fix those parameters and estimate market prices of risk with bond yields and the exchange rate. Although we loss some efficiency, the estimates are still consistent.
The likelihood function in the first step is calculated based on the reduced form equation (8) . To calculate the likelihood function in the second step, we add measurement errors to bond yields formula in equation (12) and the depreciation rate equation (15) .
The setup ensures that the shocks to macro variables in equation (15) enter the depreciation rate. Adding a measurement error to equation (15) avoids the stochastic singularity problem.
Empirical Results
In this section we present our empirical findings. First we present the parameter estimates in the macro dynamics and the market prices of risk. Then we discuss the fit of the model. In the second part we present the impulse response functions of macro variables
to structural shocks, and analyze the variance decompositions of bond yields and expected excess holding period returns. We also present the empirical results on the exchange rate and the exchange risk premium in the second part.
Parameter Estimates

Macro Model
The maximum likelihood estimates are shown in Table 1 
Market Prices of Risk
We report the estimates of the market prices of risk in Panel B of Table 1 . In Canada, the market price of risk coefficients corresponding to both domestic and foreign inflations, output gaps, and short term interest rates are most highly significant. This implies that observable Canadian and US macro variables drive time-variation in risk premia of Canadian yields. In addition, the impacts of US variables on the market price of Canadian variables are most statistically significant. This suggests that US macro variables play important roles in explaining time-varying risk premia embedded in Canadian yields.
Furthermore, in US, the market price of risk coefficients corresponding to US inflation, output gap, and short term interest rate are highly significant, implying that the observable US macro variables also drive the time-variation in risk premia embedded in US yields. Table 2 reports the first and second unconditional moments of macro variables, yields, and changes in the exchange rate from the data and implied by the model. We compute standard errors of data moments using GMM The model-implied unconditional first and moments of the depreciation rate of the changes are within two standard deviations of the data point estimates. However, the model-implied autocorrelation is 0.57, much higher than the 0.033 autocorrelation computed from the data. This is because that the macro variables included in the model are very persistent.
Fit of the Model
In general, the model matches unconditional moments of macro variables and bond yields. However, the model generates more persistent estimate for the depreciation rate of the exchange rate than that observed from the data. Canadian short term interest rate also rises following the US MP shock.
Macro Dynamics, Term Structures and Exchange Rate 4.2.1 Impulse Responses of Macro Variables
Yield Levels
From the bond yield equation (12), the state variables X t explains all yields dynamics in both countries. To understand the role of each variable in X t , we compute the variance decomposition from the model. In addition, the variation in each long yield can be decompose into two components, one corresponding to the expected movement of future short term interest rates under the assumption of the Expectations hypothesis (EH), and the other one corresponding to the variation in the embedded risk premium (RP). Since both components are affine functions of X t , we can implement the variance decomposition on each component, which gives us a detailed description of the contribution of each variable in X t . Following Ang, Dong and Piazzesi (2005), we partition the coefficient b (12) into an EH component and a RP component:
where we compute the b given by y
Let Ω F,h represent the forecast variance of the state variable X t at horizon h. The forecast variance of the n-period yield at horizon h is given by
where the first term corresponds to the EH component, the second term corresponds to the RP component, and the third component is the covariance between the two components. Table 3 
Expected Excess Holding Period Returns
The variance decomposition can also be implemented on the expected excess holding period returns in equation (13), since they are also affine functions of the state variable X t . We compute the variance decompositions of the expected excess returns of holding Canadian and US bonds over 1 quarter at forecast horizons of 1 quarter, 4 quarters, and 100 quarters. The results are presented in Table 4 .
By definition, time-varying expected excess returns must be due only to time-varying risk premia. Therefore, the total and pure risk premia variations are identical. For Canadian bonds, the Canadian MP shock contributes about 40% variations in the expected excess holding period returns across maturities and at various horizons. In addition, the US AS shock explains over 40% of the variations at 1 quarter horizon. Its explanatory power declines to around 35% at 4-quarter horizon, and 28% unconditionally. In addition, the US AD and MP shocks explain about 12% of the variations at 1-quarter horizon, and about 20% unconditionally. Together, the US macro shocks explain at least 50% of the variations in the expected excess holding period returns of Canadian bonds.
For US bonds, the US MP shock explains over 70% of the expected excess holding period returns of US bonds. The US AS shock explains about 25% of the variation in the expected excess returns of holding US 1-year and 5-year bonds. Its explanatory power in general declines with bond maturities and forecast horizons increasing. However, it is still a significant factor in explaining he expected excess holding period returns of US bonds. This findings are also consistent with Ang and Piazzesi (2003).
Exchange Rate Dynamics and Exchange Risk Premium
As shown in equation (14), the exchange rate dynamics in our model is dictated by the dynamics of the two SDFs. In addition, the exchange risk premium is linked to the risk premia embedded in bond yields through equation (15) . In this section, we compare the model-implied Canada/US exchange rate dynamics and risk premium with those computed form the data.
In the top panel of Figure 3 , we plot the model-implied depreciation rate c ∆s, which is computed from equation (15), together with the depreciation rate in the data. The correlation between c ∆s and ∆s is 21.2%. The bottom panel of Figure 3 plots the modelimplied exchange risk premium b re, which is computed from equation (16), together with the ex-post exchange risk premium calculated from the data. The correlation between b re and re is 25.0%. It seems that Canadian and US macro fundamentals help explain the exchange rate dynamics and the exchange risk premium variation. However, the fact that large variations in the Canada/US exchange rate dynamics are unexplained suggests that there are factors affecting the exchange rate not included in the model. Some of these factors may be variables like the current account and commodity prices since Canada is an exporter of natural resources.
Conclusion
This paper estimates the macro dynamics between two countries, and relates it to the dynamics in bond yields and the exchange rate under no-arbitrage conditions. We find that US macro variables contribute to the Canadian yield dynamics because they help not only predict the movement of future Canadian short term interest rates, but also explain the time varying bond risk premia. The exchange rate dynamics is linked to the SDFs of both countries in the model. The empirical results seem to suggest that the macro dynamics is also related to the exchange risk premium.
This paper only exploits information from macro variables, such as inflation, the output gap, and the short term interest rate, to explain the dynamics in bond yields and the exchange rate. It does not include many macro variables which may also contribute to the variations in bond yields and the exchange rate. One of these variables is a fiscal policy variable, such as the government budget deficit, which is an important ingredient of long-term yields (Dai and Philippon (2004) ). Another one is the energy price that is relate to the Canada/US exchange rate dynamics. Nevertheless, incorporating macro variables into no-arbitrage term structure models help understand the underlying macro fundamentals that drive the dynamics in bond yields and the exchange rate. Variance Decomposition of Yields This table reports the contribution of macroeconomic factors to the h-quarter ahead forecasts of Canadian and US expected excess holding period (1 quarter) returns of 1-year, 5-year, and 15-year zero coupon bonds. The top graph plots the observed and model-implied depreciation rate of the exchange rate between Canada and US. The bottom graph plots the observed and model-implied exchange rate risk premium. The sample period is 1980:Q1 to 2006:Q2.
